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Abstract. Consider the wave equation d^u — A^u + V{t, x)u = 0, where x G R" with n ^ 3 and V{t, x) 
is T-periodic in time and decays exponentially in space. Let U {t, 0) be the associated propagator and 
let R{e) = e-^<^>(r/(r,0) - e-^'')-le--0<^> be the resolvent of the Floquet operator U{T,0) defined for 
^{6) > BT with B > sufRciently large. We establish a meromorphic continuation of R{9) from which we 
deduce the asymptotic expansion of e-(^+=)(^> r/(t, 0)e-^(^> /, where / G H^{R") X L^{K."), as t -> +oo 
with a remainder term whose energy decays exponentially when n is odd and a remainder term whose energy 
is bounded with respect to tMog(t)'", with l,m £ Z, when n is even. Then, assuming that R{0) has no 
poles lying in {9 S C : 3(9) ^ 0} and is bounded for 9—^0, we obtain local energy decay as well as global 
Strichartz estimates for the solutions of d^u — A^u + V{t, x)u = F{t, x). 

Introduction 

Consider the Cauchy problem 

where n ^ 3 and the potential V{t,x) G C°°(M^+",M) satisfies the conditions 
(HI) there exist D,e>0 such that for all a G N", ^ € {0, 1, 2} we have 



(0.1) 



d^d^V{t,x) 



-{2D+3e){x} 



(H2) there exists T > such that V{t + T,x) = V(t, x). 

Let H'^{W'-) = A '{L'^{W")) be the homogeneous Sobolev spaces, where A = ^/—Ax is determined by the 
Laplacian in R". Set H^iW") = ijT(R") x Hf~^{«") and notice that for 7 < | and r > the multiplication 
with e-'^<^> is continuous from ijT(R") to i7''(R") (this fohows from the fact that e^''^^^ e 5(R")). The 
solution of (0.1) with F = is given by the propagator 

C/(t,T) : H^(R") 9 (/i,/2) = f^ U{t,T)f = {u,ut)it,x) e H^iK") 

and we refer to [22], Chapter V, for the properties of U{t, t). Let [/o(i) be the unitary propagator in T-l^iW^) 
related to the Cauchy problem (0.1) with = 0, s = and let U{T) = U{T,0). We have the representation 

U{t, t) ^ Uoit ~ r) - U{t, s)Q{s)Uo{s)ds, t ^ r 

where 

^^^^ " ( V{t,x) 
By interpolation it is easy to see that 

r(i,s)ll£(«,(E")) ^C^7e'-'*"^ t>r (0.2) 
where k~f is bounded if 7 runs in a compact interval. 
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It is well known that for stationaries potentials {V{t, x) independent of t), in order to establish large time 
estimates of solutions of (0.1), the main points (see [18], [27] and [29]) are the meromorphic continuation 
and estimates of the resolvent (P — A^)~^ associate to the hamiltonian P ~ + V. For time dependent 
potential, the hamiltonian P is also time-dependent and we can not deduce the large time behavior of 
solutions of (0.1) from the properties of the resolvent (P ~ A^)""'^. Moreover, the time dependence of the 
potential V{t, x) leads to many difficulties (see [4] and [22]). The analysis of the Floquet operator U{T) make 
it possible to overcome some of these difficulties. Following an idea of [5], in [1] and [22] the authors used 
the Lax-Phillips theory and proved many results including local energy decay and existence of scattering 
operator. In [23], Petkov treats the case of even dimensions by considering the meromorphic continuation of 
the cut-off resolvent of the Floquet operator U{T) defined by 

Note that all these arguments hold only for potentials V{t^ x) which are compactly supported with respect 
to X. Let us introduce, for i? > sufficiently large, the resolvent 

i?(e') =e--°<^>([/(T)-e-*'')-^e--°<^> : Hi(R") ^ Hi(R"), ^{e) ^ BT 

with D the constant of (HI). The purpose of this paper is to extend the works of [1], [2], [4], [22] and [23] to 
perturbations of the Laplacian which are time-periodic and non-compactly supported in x by showing the 
meromorphic continuation of R{6). 

We recall that the properties of R{0) are closely related to the asymptotic expansion of 
^-(,D+6){x)jj(^^^Q^^^D{x) j^^ with / e ■Hi(K"), as t +oo. Indeed, we can establish (see [12]) the inversion 
formula 

e-^<^>t/(fcr,0)e--°<^> -— / e-'('=^+i)''i?(6l)d6l, keN. (0.3) 

J[-7r+iBT,7r+iBT] 

We use the following definition of meromorphic family of bounded operators. 

Definition 1. Let Hi and H2 be two Hilbert spaces. A family of bounded operators Q{9) : Hi — > H2 is 
said to be meromorphic in a domain D G C, */<3(^) meromorphically dependent on for 9 £ D and for 
any pole 9 ^ 6a the coefficients of the negative powers of — 6q in the appropriate Laurent extension are 
finite-rank operators. 

Now assume that there exists _Bi G R such that R{9) admits a meromorphic continuation with respect 
to 61 for 61 e {0 e C : 3(6*) > BiT). Then, applying (0.3) and integrating e-<''+^"i'' R{9), for fc e N, on 
a well chosen contour (see Lemma 3 of [12] and the proof of the Main Theorem in [28]), we can establish 
the asymptotic expansion of e~'^^~^^^^^^U{t,0)e~^^^^ f as t — )• -l-oo with a remainder term whose energy is 
bounded with respect to e'^^^+'^i^* for all ei > 0. 

The goal of this paper is to establish a meromorphic continuation of R{9) that allows us to study the 
asymptotic expansion of e~^^"'"^^^^^?7(i,0)e~^^^^/ as t — s- +00 with a remainder term whose energy decays 
exponentially when n is odd and a remainder term whose energy is bounded with respect to log(t)™, with 
l,m £ Z, when n is even. For this purpose, it suffices to show that there exists Bi > such that R{9) 
admits a meromorphic continuation to 6' G {6' e C : 3{9) > —BiT} for n odd and to 6* € {6' € C : 3{9) > 
—BiT, 9 ^ 27rZ + zM^} for n even, and, for n even, to establish the asymptotic expansion as 6* of R{9) 
(see Lemma 3, Lemma 4 in [12] and the proof of the Main Theorem in [28]). The main result of this paper 
is the following. 

Theorem 1. Assume (HI), (H2) fulfilled and let n ^ 3. Then, for D > the constant o/(Hl), R{9) admits 
a meromorphic continuation to {9 £ C : 3{9) > — for n odd and to 



{9£<C : 3{9)> —, 9i2nZ + iR-} 
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for n even. Moreover, for n even, there exists Sq > such that for 9 Cz {0 Cz C : |0|^eoi 27rZ + iM } 
we have the representation 

E E R^,,s'Me))-', (0.4) 

where log is the logarithm defined on C \ tM^ and, for i < or j ^ 0, Ri j are finite-rank operators. 

Let us recall that in [23], the author established the meromorphic continuation of the cut-off resolvent 
-^■0i,'02(^) by applying some arguments of [28]. Since the analysis of ]28] is mainly based on the fact that the 
perturbations are compactly supported in x, we can not apply the arguments used in ]23]. Nevertheless, we 
follow the analysis of [28] and we use the transformation F' defined by 

F'[^{t,x)]{t,e)=e'^ I ^ ^{t + kT,x)e'A , ^eC^{R'+") 

\/c— — oo / 

which plays the role of the Fourier transform with respect to t for non-stationary and time-periodic problems. 
Let us remark (see Lemma 2 in [28] and Section 1) that an application of F' transforms the solutions of 
(0.1), whose energy can grow exponentially in time (see ]4]), into time-periodic functions. As in [28[, in our 
analysis, this property will play a crucial role. 

We prove Theorem 1 in tree steps. First, in Section 1, we reduce the problem using integrals equations 
and we show that the meromorphic continuation of R{9) follows from an analytic continuation of the trans- 
formation F' with respect to 6 of the solutions of the free wave equation extended by for t < 0. Then, in 
Section 2, we establish this analytic continuation. Finally, in Section 3, we conclude by applying the analytic 
Fredholm theorem and some results of [28]. 

Let us observe that the resolvent R{0) is defined in homogeneous Sobolev space. In our approach, we 
need to consider the resolvent {U{T) — e~*^) ^ acting in weighted inhomogeneous Sobolev space. For this 
purpose, we exploit the fact that, for r > 0, the multiplication with e~''^^^ maps continuously H^{W") into 
i7^(M") for n ^ 3. Notice that for n ^ 2 this property does not hold. Therefore, our analysis does not work 
for n = 2. To treat the case n = 2, one can consider the resolvent 



e 



-^<^>([/(r) - e-''^)-^e-°^'''> : H^(M") ^ H^(]R") 



with 7 < 1, and repeat our arguments. 

According to ]12] and the proof of the Main Theorem in ]28], from Theorem 1 we can establish the 
following results: 

1. Assume n ^ 3 odd and let 6i, . . . ,9n be the poles of R{9) lying in 

{6* e C : 3(6*) ^-^+ eiT, -tt ^ 9^(6*) < tt} 



with < ei < ^. Then we have the representation 

N 



>c/(fcr,o)e-^<"> 



^ r_es (e-'(^+i)''i?((?) 



Gfc, ke N, (0.5) 



where the remainder term Gi- satisfies 



ll'-^fe|l£(-Hi(R")) ^ 

Moreover, from (0.5), we deduce the asymptotic expansion of e~'^+'^-'^^^C/(i, 0)e~^'>^^/ as i -> -j-oo 
with a remainder term whose energy is bounded with respect to e'^^T+'^i)*. 
Assume n ^ 4 even and let 6i, . . . ,9n be the poles of R{9) lying in 

{9eC: 3(9) ^0, -TT ^ m{9) <tt, 9^ 0}. 
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Now, remove from (0.4) the terms at which i ^ and j = and let B9'^{\og{6))'' be the leading 
term of the remaining term with non-zero coefficients. Then, we obtain the representation 



-^<^>c/(fcr,o)e-^<^> 



N 

Eres 



,-i(fc+i)e 



Ri0) 



+ XkB{l + kTy(ln{2 + kT)r + Gk, fc e N, (0.6) 



where G C is bounded with respect to k, {I, m) — {—fj. — f , i^) for /x < and (I, m) — {—fi — 1, ^v) 
for yu ^ 0, the remainder term Gk satisfies 

iiga^i|£(«,(«")) = ^ ((1 + kry {in{2 + kT)r) . 

In addition, applying (0.5), we obtain the asymptotic expansion of 6"'^+'^^^^ [/(t, 0)e"'°^^^/ as 
t — > +0O with a remainder term whose energy is bounded with respect to t' In(t)'". 

From the meromorphic continuation of R{9), we deduce sufficient conditions for local energy decay and 
global Strichartz estimates. More precisely, we have seen the link between the meromorphic continuation 
of R{9) and the asymptotic expansion of e~^^+^^^^^t/(t, 0)e~^^^^/ as t +oo. Consequently, it seems 
natural to consider the meromorphic continuations of R{9) that imply dispersive estimates. Introduce the 
following condition. 

(H3) The resolvent R{e) has no poles on {6* e C : 3(6*) ^ 0} for n odd and on {6* e C : 3(6*) ^0,0^ 27rZ} 
for n even. Moreover, for n even we have 

limsup ||-R(A)|| < oo. 
a(A)>o 

Assuming (H3) fulfilled and applying the arguments in [11], [12] and [23[, in Subsection 4.1 we establish a 
local energy decay of the form 



< 



p(i-T), t^T 



£(Wi(K")) 

with p{t) e L^(M+). More precisely, we obtain the following. 

Theorem 2. Assume (HI), (H2) and (H3) fulfilled and let n ^ 3. Then, we have (0.7) with 



(0.7) 




-St 



for n ^ 3 odd, 
1 



(t + l)ln^(i + e) 



for 77 ^ 4 even. 



(0.8) 



The decay of local energy for time dependent perturbations has been investigated by many authors 
(see [1[, [5[, [23[ and [26[). The main hypothesis is that the perturbations are non-trapping (see [5], [10[ 
and [25]). In contrast to the stationary case (see [14[, [15[, [27[ and [29[) the non-trapping condition is 
not sufficient for a local energy decay. In particular, the problem (0.1) is non-trapping but we may have 
solutions with exponentially growing local energy. Indeed, if R{9) has a pole 6'o G C with 3{9q) > 0, from 
the representations (0.5) and (0.6), one may show that 



> 



21Mt 



£(Wi(R")) 



t > 



and deduce from this estimate the existence of a solution whose energy grows exponentially. In [4[, the 
authors established an example of positive potential such that this phenomenon occurs for problem (0.1). In 
our case assumption (113) excludes the existence of such solutions. Moreover, according to (0.5) and (0.6), 
(H3) is an optimal condition for a local energy decay (0.7) with p{t) satisfying (0.8) (see also Lemma 3 and 
Lemma 4 of [12[). 
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Let us recall that the local energy decay is a crucial point (see [10], [11], [15], [16] and [23]) to obtain 
estimates of the form 

MmM+,L%iR^)) + li(w,5t("))llL~(R+,-H^(R")) ^ C{p,q,n,p,T,-f) (|!/|!^^(r„) + !I^IIlP(r+,l|(k"))) ■ (0-9) 

Estimates (0.9) are called global Minkovski Strichartz estimates and they are important in order to 
prove existence and uniqueness results for non- linear equations (see for examples [9], [13], [20] and [21]). 
Following the results of [23], in Subsection 4.2 we apply estimate (0.7) and prove estimates (0.9) for solutions 
of (0.1). We obtain the following. 

Theorem 3. Assume (HI), (H2) and (H3) fulfilled and let n ^ 3. Let 1 ^ p,q ^ 2 ^ p,q ^ oo, < 7 ^ 1, 

p> 2, q < ^^^Ip and q' < ^^"Zp satisfy 

Inn In 1 (n~l)(q-2) 1 (n-l)(q'-2) 

p q 2 P q P 4q p' Aq' 

Then, the solution u of (0.1) with t = satisfies (0.9). 

It is well known (see [9] and Corollary 3.2 of [13]) that for the solution of (0.1) with V ~ i) and r = 0, 
estimates (0.9) hold for < 7 1 if 1 s$ p, g 2 p, g sC 00, with q < ^7^^ and q' < satisfy (0.10). 

Since we apply the Krist-Chiselev lemma in the proof of Theorem 3 (see [22]) we must exclude p = 2. In fact, 
the result of Theorem 3 holds for any values of p, q, 7,p, q for which the solutions of the free wave equation 
{V{t, x) ^ 0) satisfy (0.9) as long as p > 2 and < 7 < 1. 

For the assumption (H3), in Subsection 4.3 we give examples of potentials V{t, x) such that (HI), (H2) 
and (H3) are fulfilled. 

We like to mention that many authors proved local energy decay as well as global Strichartz estimates 
for the Schrodinger equation with non-compactly supported in x and time-periodic potentials (see [6], [8], 
[30] and [31]). It seems that our paper is the first work where one treats local energy decay and global 
Strichartz estimates for the wave equations with perturbations depending on (t, x) which are not compactly 
supported with respect to x, without any assumptions on the size of the perturbations (see the work of [16] 
and [17] for small perturbations of the Laplacian). 

1. Reduction of the problem 

For all 7 e M, we denote by '^-^(M") the space 

-Ht,(M") = i/'^(R") X H'^-\W'). 

Since, for n ^ 3 and for < (5 < D, the multiplication by e~*^^^ is a bounded operator from Hi(M") to 
Hi(M"), estimate (0.2) implies that, for alH > 0, the operator 

e"''<^>C/(i, 0)e-''<^> : •Hi(M") ^ Hi(R") 

is bounded. In this section, as well as in Sections 2 and 3, we assume that 

U{t,T)^0 for t<T and Ua{t) ^ for < < 0. (1.1) 

This assumption and estimate (0.2) allow us to consider, for 3{9) ^ BT, with B > sufficiently large, and 
for < (5 < D, the families of bounded operators 



^00 

e-^<">C/(i,0)e-^<">] (i,^) ^e^r ^ (e-*<-">C/(t + fcT, 0)e-'^<">e*'=«) : 7^i(M") ^ Hi(M") 



k— — c 



and 



F' 



-\-oo 

e-^<">i7o(t)e-*<">] (t,0) = eT^ J2 {er^^'^^ Uo{t + kT)e~^'^'-'^ e''""'^ :Hi(M")^Hi( 



A;— — c 
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The goal of this section is to show that the meromorphic continuation of R{9) described in 
Theorem 1 follows from an analytic continuation with respect to 6 of 



F' 



e"*<^>[/o(t)e-*<^>l (^,6*) : -HilM") ^•Hi(R"), < 5 < D, te 



For this purpose, we will use the Duhamel's principle to establish a link between the propagator U {t, 0) 
of the disturbed wave equation and the propagator Uo{t) of the free wave equation. Then, applying some 
arguments of Vainberg [28], we will deduce the connection between the transformation F' of both of these 
propagators. We start by proving that the meromorphic continuation of R{0) defined as a family of bounded 
operator in the homogeneous Sobolev space Hi(R") can be deduced from a meromorphic continuation of 
the resolvent {U(T) — e~'^) ^ acting in weighted inhomogeneous Sobolev space. 

Let us introduce, for < 6 < D and for 3{9) > BT with i? > sufficiently large, the resolvent 

Since, for n ^ 3, the multiplication by e^'^^^^ is a bounded operator from Hi(M") to 'Hi(M"), the family 

e-^'^^){U{T) - e-'''')-ie-*<"> : ^ Hi(R"). 

is a family of bounded operators mapping 'Hi(M") to Hi(M"). To prove the meromorphic continuation of 
R{0). we will use the following result. 

Lemma 1. Assume that for all < S < D , the family 

admits a meromorphic continuation, with respect to 9, to {9 <E C : > — ^} for n odd and to 

{0eC : 3{9) > 9 ^ 27rZ + iW^} for n even, with an asymptotic expansion as — >■ which take the 

form (0.4). Then, 

R{e) :Hi(R") ^Hi(]R") 
admits the meromorphic continuation described in Theorem 1. 

Proof. Let < (5 < Z?. Notice that, for 3{9) > BT, we have 

R{9) = e-(^-^)<-) (e-^<->(C/(T) - e-'%-^e-'^-'>) e-^D-5){.) _ 

Since the multiplication by e^'^^^'^^^^^ is a bounded operator from Hi(E") to 'Hi(M"), for 6 ^ {9 ^ C : 
3(0) > when n is odd and 9 e {9 e C : 3(9) > 9 ^ 27rZ + iR-} when n is even, R{9) admits 

the following meromorphic continuation 

Ri9) ^ e-'-^-'')^-^^ (e-''<^>(C/(r) - e-''')^ie-'^<^>) e-'^D-S){x) . -^^(r^) ^ Hi(M"). 

Hence, for all < S < D, R{9) admits a meromorphic continuation to {9 G C : 3(9) > — ^} for n odd and 
to9 e{9eC : 3(9) > 9 (^2ttZ + iR'} when n is even, and we deduce 

Theorem 1. □ 
Following Lemma 1, we set < S < D and we will establish the meromorphic continuation of 

e-^i^){U{T) - e-*'')-ie-*'<^> : Hi(M") ^ Hi(M") 
described in Lemma 1. Let us recall (see [12]) that, for 3(9) ^ BT with B > sufficiently large, we have 

e-^i^){U{T) - e-*'')-ie-'^<^> ^ -e'^F' [e-*<^>[/(t, 0)e-'^<^>j {T,9). (1.2) 
Thus, for our purpose it suffices to establish the meromorphic continuation of the family 



F' 



'*'<^>f7(t,0)e-''<^>l {t,9) : •Hi(M")^Hi( 
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with respect to 9. We will show that the meromorphic continuation of 



F' 



follows from an analytic continuation of 



F' 



e-''<^>C/o(t)e-''<^> {t,9): HiiR") ^ HiiM."). 



Now, let us define two Hilbert spaces and let us recall some results of [28]. 
Definition 2. Let j e R, A e R. We denote by (Ri+") the closure of 

C^(]0, +oo[xR") X C^(]0, +C!o[xM") with respect to the norm Here, ||-||^a is defined by 

II , \||2 II At 11^ II yli 11^ 

il(¥'i,¥'2)||„A = ||e ¥'i||j^^(Ri+„) + ||e f2\\H-,-i(Ri+^)- 

Remark 1. To understand the use of the spaces let h e C°°(M) be such that 

suppih) c]0, +oo[. Then, estimate (0.2) implies that, for A > fci, h{t)e~^^^'^U{t,Q)e~^^^'^ is a bounded 

operator from Hi lw) to . 

Definition 3. Let 7 G K. We denote by iJj^g^(R^+") the set of functions T-periodic with respect to t lying 
in the closure of the set 

{(f e (M,C^(M")) : ip{t, x) isT - periodic with respect to t} 

with respect to the norm 

IMI/i--'(]o,T[xR") ■ 

We set ■H^,per(K^+") = H^e^{K^+") x i?jJ^^i(Ri+"). 

Remark 2. Let 9 Cz C and A > be such that J{9) > AT. Then, Vainberg proved in Lemma 2 of [28] that 
the operator 

(1.3) 

^(t,.) ^ F'{^){t,9) 

is bounded. This result shows the remarkable property of F' . Namely, F' transforms functions, which are 
exponentially growing in time, into time-periodic functions. 

Applying (0.2), we deduce easily the following (see also Lemma 1 and Lemma 2 in [28]). 

Proposition 1. Let B > fci with ki the constant of (0.2) when 7 = 1. Then, for 3(9) > BT, the operator 

[e-'5(^>C/(t,0)e-'5<^>] (^,6*) : •Hi(R") ^ ■Hi.per(R^+"), 

/ i^' [e-'^<^>[/(t,0)e-*<^>] (t,6')/ 

is bounded. 

Let us recall a result of [28[. 
Proposition 2. (Lemma 6, [28[) For all r > 0, the operator 

Wo : n{is}+") ^ ni{s}+"), 

(L4) 

(p{t,.) J_^Un{t~ s)ip{s)ds. 

is bounded, and for 3(9) > rT, we have 

F' [Woip]{t,9)^J{t,9)F'iip)it,9), 
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where 



is a family of bounded operators defined for 6 Cz C, 3{6) > rT. 

In fact in [28], Lemma 6, Vainberg shows this result for F' [W^^] (t, 6) where Wq^ is defined by 



(1.5) 



ai{t - s)f/o(t - s)ip{s)ds, ifi e Co°°(M1+") 



with ai G C°°(IR) is such that ai{t) = for t ^ to and ai{t) = 1 for i to + 1- Following the same 
arguments, we can easily obtain the same result for Wq^ "^"^ and deduce (1.5). 
From the Duhamel's principle, we deduce the representation 

C/(t,0) = t/o(t)- / t/o(t-s)O(.s)[/(s,0)ds. 
Jo 

and since U{t, 0) = for t < we obtain 

U{t, 0) = Uo{t) - Wo [Q(t)C/(t, 0)] (t). (1.6) 
Lemma 2. Let B > ki with ki the constant of (0.2) when 7 = 1. Then, for 3(0) > BT, we have 



F' 



Wo 



g(t)[/(t,0)e-''<^>l (t)l {t,9) = J{t,9)F' [Q(t)[/(t,0)e-''<^^>l it,9). 



(1.7) 



Proof Choose a £ C°°(M) such that s$ a{t) 1, a{t) = for t |^ and a{t) = 1 for t > |. Then, 
assumption (HI) and (0.2) imply 

a(t)O(t)t/(t,0)e-*<"> e £(Hi(R"),Hf (Mi+")) 

and Proposition 2 yields 

F' \Wo \a{t)Q{t)U{t, 0)e-*<^> 1 (t)j (t, 6*) = J{t, e)F' \a{t)Q{t)U{t, 0)e-''<^>j (t, d). (1.8) 
Moreover, since (1 - a{t))Q{t)U{t,0)e-^<^'> = for t ^ [0,r[, we have 



F' 



(1 - a(t))O(t)[/(t,0)e-'^<">l {t,0) = eT^(l „ a(t))Q(t)t/(t, 0)e-'^<"> , t e [0,T[ 



and, since Uo{t) = for t < 0, we get 



Wo 



(l-a(t))Q(t)i7(t,0)e-^<">l (t) = / C/o(t - .s)(l - a(s))Q(s)i7(s, 0)e-^<">ds, 



C/o(t - s)(l - a(s))Q(s);7(s, 0)e-''<^>ds. 
Applying F' to this representation , for 3{9) > BT, we obtain 



F' 



Uo{t - s)(l - a{s))Q{s)U{s, 0)e-''<^Ms 



(t,0) 



F' [C/o] (t - s, 0)6^^ (1 - a{s))Q{s)U{s, 0)e-*<">ds,' 

= J{t,e)F' \{l ~ a{t))Q{t)U{t,{))e-^'^''A {t,9). 
Combining this equality with (1.8), we obtain (1.7). 



□ 
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Following (1.7), applying F' to both sides of (1.6) (see also [11] and [28] for the properties of the 
transformation F') and multiplying by e""*^^^ on the right and on the left of (1.6) for '3{9) ^ BT with _B > 
sufficiently large, we obtain 



F' e-*'<^>;7(i,0)e-''<^^> {t,0) =F' e~''<^>C/o(Oe"*^^^^ {t,0) 

Notice that, for 3{6) > BT, we have 

Q(t)C/(t,0)e-*<">j (t,0) = eT^ ( ^ Q{t + kT)U{t + kT,0)e-^^'''> e''""] 



F' 



\k— — oo 



Since Q{t) is T-periodic and, from (HI), g(i)e''<^' e C{Hi{M.")), we obtain 



+ 00 



O(i)C/(t,0)e-*'<^> (i,^) = g(i)e''<^>eT- ^ e-'^<^>[/(t + fcT, 0)e-^<^>e'''^M 

\A;— — oo / 

= g(t)e'^<">i^' [e-'^<">[/(t,0)e~*<">] (t,0). 

Applying this formula to (1.9), we get 

F' [e-^<">C/(t,0)e-'^<">] {t,0) [e-*<-">?7o(t)e-^<">] (i, 0) 

-e-'^<^>J(t,6l)g(t)e'^<^>i^' [e-*<^>[/(t,0)e-*'<^n (t,6') 

and it follows 

(ld + e-'^<^>J(t,6l)g(t)e'^<^>) i^' e-'^<^>[/(t,0)e-*'<^> {t,e) ^ F' e^^^^^ t/o(t)e-'^<^> (t,6l). 
Thus, to prove the meromorphic continuation of R{9), we only need to show that the families 



Id + e-''<^>J(t,6l)g(i)e'^<^ 



F' 



admit a meromorphic continuation with respect to 9. 
Proposition 3. Let G be the operator defined by 

G : -Hi .per 

(R-'-+") Hl^peri^^'^"'), 



ip{t,.) ^ e*<^>g(Oe*<^V(^, •)• 



Then G is a compact operator. 
Proof. Let h = (hi, ^12) G Hipper 



(1.9) 



We have 

e'^<^>g(t)e*'<^>/i==: (0,e2*<^)F/ii). 

Applying (HI), we show that e^^^^'^Vhi takes value in e^^^^^ifpg^(R^+") and the Rellich-Kondrachov theorem 
for unbounded domains implies that G is a compact operator on Tii^peri^^^^)- D 

Let us remark that for 3{9) ^ BT, we have 

e~*<"> J(t,0)g(i)e^^"> = e--^^'^ J(t,^)e-^<">e*'<">g(i)e*<"> 

with 



-S{x) 



J{t, 6l)e-''<="V = F' fe-'^<^>C/o(Oe~*<'^^l (t - s, 9)ip{s)ds 
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Combining this identity, Proposition 3 and representation (1.5) with the Fredholni theorem and Theorem 8 
in [28], we conclude that to prove Theorem 1 it remains to show that F' \e~^^^'^Uo{t)e~^^^'^]^ (^i^*) admits an 
analytic continuation in 6 continuous with respect to t, and that there exists 0o € C with 2J(0o) > such 
that the operator 

Id + e-''<^>J(i,6lo)Q(i)e''<^> 

is invertible. 

2. Analytic continuation of F' [e^'^^^^[/o(i)e"''^^^] {t,6) 

Since Uo{t) is unitary in Hi(M") and the multiplication by e^*^^^ is a continuous operator from Hi(R") 
to 'Hi(M"), we can easily prove (see Lemma 2 in [28]) that 



F' 



e-*<^>C/o(t)e-*<^>l {t,e) : •Hi(R") ^ ■Hi(M") 



is well defined and analytic with respect to 9 va {6 : 3{6) > 0}. The goal of this section is to establish 
the following. 

Theorem 4. The family of operators 



F' 



e-*<^>[/o(Oe-''^''>l it,e) : Hi(]R") ^ ■Hi(M") 



admits an analytic continuation with respect to 6, which is continuous with respect <o t € K, from {0 G C : 
3(6*) >0} to {6 eC : 3(9) > for n odd and to {9 e C : 3{9) > 9 ^ 2ttZ + iR'} for n even. 

Moreover, for n even, there exists Sq > such that for 9 lE {9 Cz C : \9\ ^ Sq, 9 ^ 27rZ + «M~} we have the 
representation 



F' 



e-''<^>C/o(t)e-''<^> {t,9) = B{9)9''-'^\og{9) + C{t,9), 



where log is the logarithm defined on C\iR- , C{t,9) is C°° and T-periodic with respect to t and analytic 
with respect to 9, B{9) is analytic with respect to 9 for \9\ ^ Eq, and for all j G N, I dgB{9) ) are finite 

V / |f?— 

rank operators. 

Let {(pm)m£N C°°(]R") be a partition of unity such that 



m=0 

l|5x'^m|lL-(R") < O^Vrn^l, m G N, OGN", 

suppifirn C{xe M" : 2™^ir |x| s$ 2™+iT}, m ^ 1, 
supp(^o C {x G R" : s$ 2T}. 
The main point of Theorem 4 is to consider, for 3{9) > 0, the following representation 

+ 00 



F' 



e-'^-^Uoit)e-'^^> {t,9) = ^ e^'^^^ F' [^Mt)^i]{t,9)e''^-l 



(2.1) 



?ri,;=0 



Using this representation we will obtain Theorem 4, by proving the analytic continuation of 

e^*<^>F' [^.Mt)^i\ {t,9)e-'^-^ : Hi(K") ^ Hi(R") 

and showing that for all G {0 G C : 3{9) > for n odd (respectively 

61 G {61 G C : 3{9) > 6* ^ 27rZ + tR-} for n even) 



e-'<-^F'[^Mt)^i]{t,9)e-'<-^ 
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converge to G{t,0) which satisfies the properties described in Theorem 4. We treat separately, the case of 
odd and even dimensions. 



2.1. Analytic continuation of F' [e~'^<^>[/o(t)e-*'<^>] (t, 6*) for n odd. In this subsection we treat the case 
of odd dimensions. For n odd, the Huygens principle implies that, for all m, / G N, the infinite sum 



+ 00 



k— — c 



is in fact a finite sum. Thus, e ^(^) F' [(prnUQ{t)ipi\ {t, 6)e ^^^"^ admits an analytic continuation on C and we 
can estimate it to obtain the following. 

Lemma 3. Let n ^ 3 be odd. Then, the family of operators 



F' 



admits an analytic continuation with respect to 6, which is continuous with respect to t G M, from {6 Cz C : 
3{e) > 0} to {61 e C : 3{0) > -^j. 

Proof. Since e^^'^^^F' [(^^^^(O'l^i] {t,9)e''^^^^ is T-periodic (see [11] and [28]) we will only need to estimate 
it for ^ t ^ T. Let 5^ t ^ T. Since, for ah m, ^ e N, we have 

|a;| + [a-ol 2'"+1T + x G supp</7„„ Xq G supp(^j, 

an application of the Huygens's principle yields 

ipraUfi{t + kT)^i = 0, for k ^ 2"'+i + 2'=+! + 1. 

Thus, for all to, Z G N, F' [ip„iUQ{t)Lpi\ (t, 9) admits an analytic continuation to C and we have 

F' [ipraUo{t)^i] (t, e) = e^T I ^mUoit + kT)ipie'' 

fc=0 



ike 



Since for to ^ 1 supp(y5,„ C {x : \x\ ^ 2™ ^T}, one may show that, for all < r < (5, for m,l ^ 1, we have 



and get 



< -(5-r)2"-iT -(5-r)2'-iT 



F' 



-S{x) p/ 



F' [ipoUoit)ipi]it,0)t 



-S{x) 



< -(5-r)2"-iT 



< -(5-r)2'~iT 



F' 



F' 



e-^<^Vmf/o(i)¥';e-''<"> {t,e) , (2.2) 
e-'^<"V™t/o(0^oe-'^<">l {t,( 



> 1, (2.3) 



e-''^^VoC/o(i)¥';e-'-<"> {t,Q) ,1^1. (2.4) 



For this purpose, we can choose ipm G C5"(M") such that ip„i = 1 on supp(/3,„ supported on 

{x : 2'"~^T — 5 ^ ^ 2™+iT + -j} with derivatives bounded independently of to and notice that 



with 



^'^'■^^'^^^"^ ^ - , G Hi(R"). 
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Let K <Z {6 <E C : 3(9) > — ^} be a compact set. According to representation (2.1) and estimates 
(2.2), (2.3) and (2.4). it remains to show that there exists < r < S such that we have 



sup ^-iS-r}2-^T^-iS^r)2'-^T 



H-oo 

+ sup e 

„^0(t,e)G[0,T]xK 



F' 



e~'^<"VmC/o(i)'/'ie-^<^> (t 
e-'-<^VmC/o(i)'/5oe-'-<">l (t,0) 



£(Hi(K")) 



,-(5-r)2'-^T 



(t,e)e[0,T]xif 



F' 



£(Wi(H")) 

£(«i(R")) 
<5T 



(2.5) 



Since K is a compact set, there exists 5i > 0, such that, for ah 6 € K, 3{6) ^ Si — Then, for ah 9 £ K, 
teR, 0<r<5 and m,l gN, we obtain 



F' 



2™ + ^+2'' 



£(Wi(R")) 



< ^ e-'^<^Vmt/o(i + fcT)^ie-'^<^> 



Since the muhiphcation by e ''^^^ is continuous from Hi(]R") to 'Hi(K"), for all k G N, we obtain 



£CHi(R")) 



< 



<^me-'^<">[/o(i + fcr)e-'^<"Vi 
e-'"<^>[/o(t + fcT)e-'"<^> 



£(Wi(R")) 
£(«i(R")) 



<l|L/o(t + fcT)|l^(^^(„„„ 

< 1. 



Thus, we get 



and it follows 



F' 



£CHi(R")) 



k=0 



F' 



-'-<^Vmf/o(i)^ie-'-<->j (t, 0) < max fe(^-«0(2"+^+2'+^), 2™+i + 2'+^ + l) 

J £(Wi(R")) V / 



Combining this inequality with estimates (2.2), (2.3) and (2.4) for r < min((5, (5i), we obtain (2.5). This 
completes the proof. □ 

2.2. Analytic continuation of F' [e"'^<^>[/o(Oe~'^^''^] it,9) for n even. In this subsection we treat the 
case of even dimensions. Since for n even the Huygens principle does not hold, we must use other arguments 
to prove Theorem 4. Let h,n,i S C°°(R) be such that 



< h,n,i{t) ^ 1, sup 



dthrn,l 



< Cj < OO, 



hm,i (t) = 1 for i ^ 2™+ir + 2'+ir 



T 



T 



hraAi)^0 for i s$ 2'"+^T + 2'+^r+ - 

o 

Then for '3{9) > and m, / e N, we obtain 

F' [(^™[/o(t)(^;] [t, 9) = F' [(1 - h^,i{t))^^Uo{t)^i] (t, 9) + F' [h,nAt)^mUo{tM (t, 9). 

Since 1 — hm,i{t) = for t ^ 2"^+^T + 2'+^T + ^, repeating the arguments used in the proof of Lemma 3, 
we obtain the following. 
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Lemma 4. Let n ^ A be even. Then, for 6 e {0 e C : 3(6) > -^}, 



converge to a family of operator analytic with respect to 6, continuous with respect to t. 
Following Lemma 4, if we show that 

rn,i6N 



(2.6) 



converge to a family of operators analytic with respect to 9 satisfying the properties described in Theorem 
4, we will deduce the analytic continuation of F' \e~^''^'^ UQ{t)e~^^^'^\ (^7^) for even. 

The main point in the proof of Theorem 4 for n even is the convergence of (2.6). In order to prove this 
result we will apply the Herglotz-Petrovskii formula (see [7] , Chapter X of [27] and the proof of Lemma 6 
in [28]) that gives an explicit formula of the Green's function associate to some solutions of the free wave 
equation and replaces the Huygens principle which is lacking when the dimension is even. 

Let us recall the Herglotz-Petrovskii formula for the free wave equation. Consider E^{t^ x, xq) the Green's 
function of (0.1) with n ^ 2 even, F = 0, r = 0, i^ = and /i = 0. More precisely, E°{t,x,xo) is the 
solution of 

(9^ - A^)£;° = 0, t>0, xeR", 

S°(0,x,xo) = 0, (2.7) 
dtE°{0,x,xo) = 5{x - xo), 
where 6{x ~ xq) is the delta- function. For all a, 6, c > and all domains 

Qa,b.c ^ {it,x,xo) : t^a + b + c, \x\ a, \xo\^b}, 
by the Herglotz-Petrovskii formula, we have 

do; (cr) 



E'^it.x.XQ) 
Now. consider the operator 



.-1 {{x-xo,a) +ty 



(t,x,xo) e Qa,b,, 



(2.8) 



sin(tA) ^ ^2 



A 



L2(R") ^ i7i(R") 



with A = V-A. The solution u of (0.1) with ^ = 0, t = 0, i^ = and /i = is given by 

, , sin(fA) , 



Applying (2.8), for all to, Z G N, we obtain an explicit formula of the kernel of hm,i{t)ipm '^'"j^^-' (pi (see the 
proof of Lemma 5). Using this formula, we deduce the analytic continuation with respect to 6 of the family 



F' 



-'^^^h^,{t)^J^^^,e''('^^ 



{t,e). 



Then, in Lemma 5, we establish the analytic continuation with respect to 9 of the family 

+ CX3 



,,z=o 



{t,9). 



Combining the result of Lemma 5 with the Duhamel's principle we show the convergence of (2.6) and we 
deduce Theorem 4 for n even. 
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Lemma 5. Let n ^ A be even. Then 



^ 'hm,i[t)(fm — -j^ — fie ^ ' 



{t,6) : l2(R") ^ iji(R") 



converge to a family of operators analytic with respect to 0, continuous with respect to t S R and satisfying 
the properties described in Theorem 4- Moreover, 

' A ' 



{t,e) : i^(R") ^ L"(R") 



m,/eN 

converge to a family of operators analytic with respect to 0, with respect to i G R and satisfying the 
properties described in Theorem 4- 

Proof. Let Em.iit, xq) be the kernel of e~^''^^ hm.i{t)(pm ipie~^^^K Since 

\x\ + \xn\ ^ 2™+^T + 2'+^r, X G supp^,„, xo G suppv?; 
and = for t s: 2™+ir + 2'+ir + the formula (2.8) hnplies 

f e-^(^'>hmAt)fmix)ipiixo)e-^'^^°^ 



Ejn,lit,X,Xo) 



{{x-XQ,a) +t)^-^ 
Now notice that for 3{d) > 0, we have the representation 



-daj(cr). 



F' [E,nAt,x,xo)] {t,e) 



i(f {x XQ ,tT) 

e 5^ w,„,;(t, X, xo, a, e)Auj{a) 



with 



Vm,l{t,X,XQ,(J,e) = ^ 



fe=0 



Then, for ^ t < T, we get 



/ + 00 



{-iTde)" \m,i(t,x,xo,cr, 6*) = ( h,n,i{t + /i:T)e 

\A:=0 



i9((x-xo,g) + fcT + t) 



{-iTdeY' Vvi,i{t,x,xo,a, 



(^h^,i{t + 2'"+iT + 2'+iT)e<2'"+'+2'+^)e + el 
Let E{t,x,xo) be the kernel of 



(2.9) 



+ 00 



r 



m,!=0 



sin(tA) 



For 3(0) > 0, we have 

F'[E{t,x,XQ)\{t,e)= V F'[E„,,i{t,x,XQ)]{t,e)= / 
where 

-\-oo 

v{t,x,xo,a,9) = ^ w,„,i(t,x,xo,cr,6'). 

m,/=0 

Repeating the arguments used in the proof Lemma 3, we deduce that 

-|-oo 

^ (1 - e'") i^iTde f v^,i{t, X, xo,a, 9) 

m,l=0 



iO {x — XQ ,cr) 

e T v{t,x,xo,a;9)duj{a), (2-10) 
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admits an analytic continuation to e C : 3{9) > —^-}- Notice that, for 3(9) > 0, we have 



+ 00 



^ (1 - e^') i-iTdgf-' v„,j{t, X, Xo,a, 9) = (1 - e'^) (-zTOe)""' vit, x, xo, a, t 



(2.11) 



m,l=0 



Hence, {—iTde)"' v admits a meromorphic continuation in {6* e C : 3{9) > with first order poles 

only at the points 2fc7r, k E Z. Therefore, upon integration of {—iTde)" ^ v with respect to 9 we find that 
in the region t e [0,r], a G S"-\ x, xq € R", 9 G {9 & C : 3{9) > 9 ^ 2ttZ + iR-} the function v is 

analytic with respect to 9 and infinitely differentiable with respect to the remaining variables. In the same 
way we can establish this resuh for t G [-T, T]. Here, for 6* e {0 G C : \9\ ^ eo, 9 ^ 2-kTL + iM"} with eg 
sufhciently small, we have 

where v is analytic at 6* = and C is constant. Hence from (2.9), (2.10) and (2.11), we deduce that 
_F'[i?(t, x, a;o)](t, 0) admits an analytic continuation, with respect to 0, to 

{61 e C : 3(61) > — 9^27^1. + Mr}. 

Moreover, for aU 6* e {0 e C ; 3{9) > 9 (f. 27rZ + iR'}, we have 

F'[E{t, X, xo)]{t, 9) = e-( )^">g(t, x, xo,g)e-( (2.12) 

where H{t, .t, .tq, 0) is and bounded with respect to t e R, x G K" and .tq G R". Also, for e {0 e C : 
|0| ^ Eo, 9 ^ 2^7^ + iR~} with eo sufficiently small, we have the representation 



F'[E{t,x,XQ)]{t,9) duj{a)^ e-*'<^>e-*<^«>6'"-2 log(6i) + ^, 



(2.13) 



where E is analytic at 6* = 0. Thus, the family of operators 

sin(tA) 



m,Z=0 



A 



Vie 



-5{x) 



{t,9) 



admits an analytic continuation to G C : 3{9) > — ^ 27tZ + } which is defined by 



, mj=0 



A 



it,9)g (x) = / F'[E{t,x,xo)]it,9)g{xo)dxo 



and, for Eq sufficiently small and 6* G {6' e C : |6'| ^ £o, ^ ^ 27rZ+iR }, we have the following representation 

+00 



E^' 



m.l=0 



{t,9)^Bi{9)9"-'log{9) + Ciit, 



Here Ci{t,9) is C°° and T-periodic with respect to t and analytic with respect to 9 and Bi{9) is analytic 
with respect to 9 for \9\ ^ Eq. From (2.13), the operators ^9^i?i(6')^ take the following form 

.9 = (P,(x)) * , J e N, g £ L^(R") 

with Pj an homogeneous polynomial of order j . This completes the proof. 
Consider the operator 

cos(iA) : iji(R") ^ H^{W) 
with A = V-A. The solution u of (0.1) with ^ = 0, t = 0, F = and /2 = is given by 

u{t) = cos(tA)/i. 



□ 
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To prove the meromorphic continuation of the transformation F' of ah solutions of the free wave equation 
we must show the following. 

Lemma 6. Let n ^ 4 fee even. Then, the family of operators 

F' [e-^<^>/i™,z(i)</'™cos(tA)^ze-^<^>] (t,0) : H\W) ^ i/i(R"), 

converges to a family of operators analytic with respect to 9, continuous with respect to t € M and satisfying 
the properties described in Theorem 4 and 

J2 F' [e-'^'-'^KnAt)v,nCos{tA)^ie-"^-^] {t,e) : H^R-^) ^ L\R") 

converges to a family of operators analytic with respect to 6, with respect to t £ M and satisfying the 
properties described in Theorem 4- 

Proof Choose a € C°°(R) such that < a{t) < 1, a{t) = for t ^ |^ and a{t) = 1 for t > ^. An apphcation 
of the Duhamel's principle (see [11]) yields 



cos(tA) 



' ^^'^((^^ g)A) ^^2^ cos(sA)ds, t ^ T. 



Let {Xm)m a familly of functions lying in C^(R") such that for m ^ 2 Xm = 1 on 
{x : 2"-ir - T ^ |a;| sC 2'"+iT + T}, xi = 1 on s$ 4r + T and xo = 1 on |a;| s$ 3T, 



suppx™C{x : 2™-^T 



and 



5T 

suppxi C {x : \x\ 4T+ — }, 

5T 

suppxoC {x : \x\^2T+—}, 



+ 00 



Xmix) ^ 2 

7Ti=0 

An application of the finite speed of propagation yields 

sin((t - s)A) 



tpm COs{tA)ipi = I If,-, 

Let g^nj e C°°(R) be such that 



A 



X/ [9',a] (s)cos(sA)^zds, t^T 



< =^ sup dlgm,i 



(2.14) 



ffmj(^) = l for t ^ 2"'+^T + 2^+'^T + 2T - 
g^ i (t) =0 for t ^ 2'"+ir + 2^+^T + 2T - 



Applying the arguments of Lemma 5, we can show that 

+00 



sin((t-3)A) 5^^^ 



A 



T 
2" 
T 
3"' 



{t,e) 
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admits the analytic continuation described in Lemma 5 uniformly with respect to s e [O, ^] . Also, since 
1 — 9m,i{t) = for t ^ 2'"+^r + 2'+^T + 3T, reapeting the arguments used for n odd we show that 



+ 00 



,,Z=0 



it,0) 



admits an analytic continuation to 3{6) > — ^ uniformly with respect to ,s S [Oj i"] • Moreover, since 
[5f , a] {t) = for i ^ , I] we have 



[d^,a\ (.s)cos(sA)e-*<"> e £(i/i(K")) 



and 



[d'i,a\ (s)cos(sA)^,e-*<^> 



< 



£(_ffi(R")) 

Thus, applying F' to (2.14), for 3(6*) > 0, we obtain 



[92, a] (s)cos(sA)e-*<-"> 



£(_f/i(R")) 



< 1. 



F' 



-'^^^h^,i{t)ip^ cos(tA)(^;e-*<->l (t, 0) 



F' 



sin((^ - s)A) 



A 



(t,6l)e''<^> [df,a] (s) cos(sA)(/j,e-'^'<^>ds 







-<5(x). /-,\\ sin((t-s)A) _g. 



A 



(i,6i)e'^<^> [d^,a] (s) cos(sA)^,e-''<^>ds. 



From this last representation we deduce the analytic continuation of 



^ F' e-'^^^hmAt)^rnCOsitA)^ie-'^^^ (1,9). 



m.l=0 



□ 



Proof of Theorem 4- We obtain the analytic continuation of F' [e~''^^^[/o(i)e^''^^^] {t,9) by combining 
Lemma 4, Lemma 5 and Lemma 6 (see also the proof of Lemma 2 in [12]). □ 
Applying Theorem 4 to the representation (1.5), we show easily the following (see also Lemma 6 in [28]). 



Corollary 1. The family of operators 



') ^ 'Hl,per(R ") 



admits an analytic continuation with respect to 9, from {9 E C : '3(9) > 0} to {9 E C : 3(9) > — —} for 
n odd and to 

{9 : 3{9) > 61 <^ 27rZ + iR-} for n even. Moreover, for n even, there exists eo > such that for 

9 £ {9 E C : 9 <^ 2t\TL + iMr , \9\ 5C £0} we have the representation 

e-^^'^Kjit, 9)e-^^''> = S2(6i)r-2 iog{9) + C2{t, 9), 

where log is the logarithm defined on C\ iW^ , C2{t,9) is C°° and T -periodic with respect to t and analytic 
with respect to 9, B2{9) is analytic with respect to 9 for \9\ ^ £0 for \9\ ^ £0, for all I E N (9g (-62) (^))|e-o 
are finite rank operators. 
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3. The meromorphic continuation of the resolvent 

In this section we will apply the results of Sections 1 and 2 to show the meromorphic continuation of 
R{0) described in Theorem 4. According to Corollary 1 and Proposition 3, if we show that there exists 6o 
such that for all G E "Hipper (R^"*"") the equation 

g + e-*<^>J(t,0o)QWe'<">5 = G (3.1) 

has a solution g e 'Hi^peri^^^"), since e~^^^^ J{t,9o)Q{t)e^^^^ is a compact operator, the operator 

Id + e-^<^>J(t,6lo)Q(t)e*<='> 

will be invertible and we can conclude by applying Theorem 8 of [28] and the analytic Fredholm Theorem. 
In order to solve (3.1), we introduce the following Hilbert spaces. 

Definition 4. Let I be an interval o/R. Then, we denote by x R") the space 

H^{I X M") = H'^{I X M") X H''-\I X R"). 

We can easily prove that there exists r > such that Wq G C (■H2(R^'''")) . To solve (3.1) we will use 
the following result that we show by applying some arguments of Vainberg (see Theorem 5 in [28]). 

Theorem 5. There exists A > r such that for all h G 'H'[{M}~^'^) the equation 

^{t) + e-*<-^> Wo (Q(Oe*<"V(i)) (0 = h{t) (3.2) 
admits a unique solution (p € 'H^(R^^"). 

Proof. For aU ^ > r, let V3 = {^1,^2) e (Ri+") be such that 

(^(t)+e-^<^> f [/o(t-s)g(s)e*<^V(s)d.s = 0. 
Jq 

Since /J Uo(t - s)g(s)e*<^V(s)ds e Hi^(Ri+"), we get e-^^^V e H^^(Ri+") and 

e''<^V(0 = - / Uo(t - .s)Q(s)e''<^V(s)ds 
Jo 

Thus, Z = e^^^'^Lpi will be the solution of 

( dt{Z) - A^Z + V{t, x)Z = 0, {t, x) eRx R", 

I (z,at(z))(o,x) = (0,0), xeR", 

and e''<^V2 = dtiZ). Hence, ip = (0,0) and (3.2) admits a unique solution in H^i^'^^")- For the proof of 
Theorem 5 it now suffices to show that (3.2) has a solution for h on a dense set of functions in Hi(R^+") 
and that this solution satisfies 

ll^llwf (Ki + ") ^ ll'*llwj(Ri + -) ' (3-3) 

for some A>r. We take C°°(Ri+") x C°°(Ri+") n e-'^<-^>H5;(Ri+") as our dense set. Clearly, we have 

(Id + WoQit)) if e C°°(Ri+") X C°°(Mi+") n •HUR^+"), <^ e C°°(mi+") x C°°(M1+") n •H^(mi+"). 

Let /i G C°°(Ri+") X C°°(Ri+") n e-''<-^>H5;(R^+") and consider the equation 

<^i + W^oQ(0<^i = e*<">/i. (3.4) 

Equation (3.4) is a Voherra equation and it is uniquely solvable in C°°(Ri+") x C°°(Mi+") n'Hi(R^+"). Now 
choose (f — e~^^^'^ipi. We obtain 

and it follows that Lp is the solution of (3.2). It remains to show (3.3) and conclude by density. Let 
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Then, (3.2) can be rewritten in the form 

^ + e-^<^> W-oQCtje^^^V = e-''*/i, where (WoQWV')W 



Uoit ^ s)Q{s)i^{s)ds. 



(3.5) 



Repeating the arguments used in Proposition 3, we can easily prove that for any g G Hi( 



pl+n 



), we get 



Now let Ti > 0. We have 



e-^<^>W^o(3(i)e''^^><7 



< 



•H2(Ri+'') 



l5llwi(Ki+") 



< 



■H2{[0,Ti]xK") 

Suppose that the function is equal to ip for t < Ti and 

4, 



l3ll-Hi(Ri+") 



Hi(Ri+") ^2|l'^ll«i([0,Ti]xR")- 



(3.6) 



(3.7) 



Clearly, such a function exists (it is constructed by the means of extension operator). We recall that 
ijj e C°°(Mi+") X C°°(Ki+") n?^i(IRi+") and, consequently, the right-hand side of (3.7) is bounded. The left 
hand-side of (3.6) is independent of the values of g{t) for t > Ti. It therefore follows from (3.6) ioi g — ip 
and (3.7) that 



■H2([0,Ti]xR") 



^ 2Ci |l'0l!-Hi([o,Ti]xR") 



(3.8) 



For all h = {hi, <E C^, we set {h)i ~ hi. We denote by E(Ti,g) the quantity 

E{Ti,g) = 11.91 (ri)||^i(E„) + \\dt (.gi) (ri)||^2(R„) + ll.g2(Ti)jli2(R„) , 
where g = (51,52). Notice that e-^^''^WoQ{t)e^^'''^ i' G C°°(Ri+") x C°°(]Ri+") n H2([0, Ti] x M"), 



= and 



~ 0. Thus, we have 



£;(0,e-''<^>tyoQ(t)e''<^V) = 0. 
Then, for compactly supported in x, we obtain 

E{Ti,e-^^'''^WoQ{t)e^'^^^ij) ^ 
and an application of the Holder's inequality yields 







r 


dt 


10 





E{t,e-'^'''''^WoQit)e^'^''^ip) 



dt 



E{Ti,e-^^'^'^WoQ(t)e^^''^) < e-*<^> W-oQ(t)e'^<^>V 

«2([0,Ti]xR") 

By density, we can extend this estimate to ah tp £ C°°(Ri+") x C°°(]Ri+") n Hi(Mi+"). Since tp{0) = 0, 
combining this result with (3.8), we obtain 

E{Ti,e-'^'-'^WoQ{t)e'^^^yj) ^ C ml^^^,^^^^,„^„^ ^ C ^ E{t,^/j)dt (3.9) 

J 

with C > independent of and Ti. Clearly, for any 991, ip2 we have 

E{{Ti,^i +^2)^2 [E{{Ti,ipi) + E{{Ti,^2)] . 
Consequently, it follows from (3.5) and (3.9) that 

E{Ti,ilj) = EiTi^e-'^h - e-^^'''^WoQ{t)e^^''H) 2C / ' E{t, i;)dt + 2E{Ti,e-'''h). 



Hence, by the Gronwall's lemma we get 

E{Ti,^P) = 2E{Ti,e-'-%)e^^^K 
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If we now multiply this inequality by e ^"^^a.nd integrate with respect to Ti > we obtain (3.3) with 
A = V2C + r. □ 



Proof of Theorem 1. As it was mentioned in the beginning of this section, it remains to solve (3.1) for some 
6*0 e C with 3(6lo) > rT. Choose 6*0 = i[A + 1)T with A the constant of Theorem 5. Let G G •Hi,per(K^+") 
and let a € C°°(R) be such that ^ a{t) ^ 1, a{t) = for < f and a{t) = 1 for i ^ ^. Then, 
h{t) = a{t)G{t) e H5;(Ei+"). Let ip be the solution of (3.2) with h{t) = a{t)G{t). We have 

^{t) + e-^<">VKo (Q(t)e*'<"V(i)) (i) = a{t)G{t). (3.10) 

According to Proposition 2, since ip G H^^(Mi+"), applying F' to both sides of (3.10) at 6* = 6*0, we obtain 



F' [^] [t, e„) + e-^<^> J(t, eo)Q{t)e'^^^ F' M (t, ^o) - F' [a[t)G{t)] {t, 9^). 
Since G{t) is T-periodic with respect to t, for ^ t < T, we have 



(3.11) 



+ CXD 



F' [a(i)G(t)] (i,0o) 



^ a(t + kT)e 



-(A+l)kT 



G{t) 



-(A+l)t 



k=0 



a{t) 



-(A+1)T 



fl _ e-(^+i)n 



G(t). 



Let pi(t) be the C°° and T-periodic function defined by 



-{A+l)t 



a{t) 



,-(A+l)T 



(l_e-(A+i)T) 

Since a{t) ^ 0, we have pi{t) > and according to (3.11), 

F'Mt)] {tM 



git) 



piit) 



is a solution of (3.1). Thus, from Proposition 3, we deduce that 

Id + e-*<^>J(i,6io)Q(Oe*<^> 
is invertible. Then, applying the analytic Fredholm theorem, we obtain that 

F'(e-''<^>t/(t,0)e-*<^>)(t,e') : ■Hi(M") ^ •Hi(M") 
admits the following meromorphic continuation 

F' 



*<">[/(i,0)e-*<-">J {t,e) = (^Id + e-*<">J(t,0)Q(Oe*<">j F'(e-^<">[/o(i)e"'^^"^)(i, ^)- 

: e ^ 2ttZ + iR-, \e\ ^ Eq}, we obtain 



Moreover, applying Theorem 8 of [28], for n even and e e 
the following representation 



F' 



e-*'<^>C/(t,0)e-'^<^>l {t,e) 



E 



i?t(log( 



P,-t(log0) + C(t,0), 



where C{t,9) is analytic with respect to 0, i?f is a polynomial, the Pj_t are polynomials of order at most Ij 
and log is the logarithm defined on C\iM^. Also, G{t,d) and the coefficients of the polynomials Rt and Pj^t 
are C°° and T-periodic with respect to t. We conclude by applying (0.10) and Lemma 1. □ 
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4. Applications to local energy decay and Strichartz estimates 



In this section, we apply the result of Theorem 1 to prove estimates (0.7) and (0.9). We start by 
showing that assumption (H3) implies the local energy decay (0.7). Then, by combining this result with 
some arguments of [23] and [19], we establish the global Strichartz estimates (0.9). In Subsection 4.3 we give 
examples of potential V{t, x) such that (H3) is fulfilled. 

4.1. Local energy decay. The goal of this subsection is to prove the local energy decay introduced in 
Theorem 2. For this purpose, we need the following. 

Lemma 7. Assume (HI) and (H2) fulfilled. Then, for all ^ t ^ T , 



and we have 



£(Wi(R")) 



£CHi(K-)) 



=^ c 



e^<^>[/(t,0)e-(^+^')<-> 
with C independent oft. 

Proof. Let E C^(M") x C^(R"). Applying the Duhamel's principle we obtain these representations 

Uit,0)^Uo{t)- f U{t,s)Q{s)Uo{s)ds, 



(4.1) 
(4.2) 



U{t,0)^Ua{t)- / Uait~s)Q{s)Uis,0)ds. 
Jo 

It is well known that e'^^^+i^^'=^Uo{t)e^(°+i)^''^ G C{Hi{R")) and 



(4.3) 
(4.4) 



Ci — sup 
te[o,T] 



,T(£'+f){^>f7g(i)e±(c+f)(x) 



< +00. 



£(Wi(R")) 

Since the multiplication by e~4^^^ is continuous from Hi(R") to Hi(R") we have 

e-(^+")<">C/o(t)e^<"\ e^<">t/o(t)e-(^+-')<"> e /:(Hi(R")) 
and, for all ^ f ^ T, we get 



e-iD+e){x)U„{t)e^(-) 
e^<^>C/o(i)e-(^+^)<-> 



£CHi(R")) 



£CHi(R")) 



,-(D+f){x> 



C/o(t)e 



£(Wi(R")) 



<C2 



Uoit)e 



£(Wi(R")) 



^C2 



(4.5) 
(4.6) 



Hence, multiplying the representation (4.3) on the right by e ('^+'^)^^) and on the left by e^'>^^ , we obtain 
e-^''+'^^'''^U{t,Q)e'"^-^^^e-^''+'^'^^^Ua{t)e'"^''^^ 

Then applying (HI), we have e-('°+'^)<"=>J7(<, s)Q(s)e('°+^)<"^> G /:(Hi(R")) and, from (4.5) we deduce , for 
all ^ t ^ T, the estimate 



-(^+^)<^>C/(i,0)e^<^V 
It follows 



■Hi(R" 



Wi(R" 



£(Wi(R")) 

< (C2 + C3r)||^||^^(j,„), O^t^T. 



ds M 
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Thus, by density e-(^+^'<^>t/(t, 0)e^<^> G £(Hi(M")) and 

-iD+e){x)^^^ Q.D{x) ^(j 
£(Wi(R")) 

Combining (4.4) and (4.6) with the same arguments, we obtain 



and 



£(«i(R")) 



6*2 + C4T, s$ i s$ T. 



□ 



Proof of Theorem 2. From the results of Theorem 1 and assumption (H3), by applying the arguments of the 
proof of Lemma 3 and Lemma 4 of [12], we obtain 



'^<^>C/(fcr,0)e-°<^^> 



< 



p{kT), fc e N. 



£CHi(R")) 

Combining this result with Lemma 7 we obtain (0.7) (see the proof of Lemma 3 and Lemma 4 in [12]). □ 

4.2. Global Strichartz estimates. The goal of this subsection is to prove Theorem 3. For this purpose we 
need to show the L^-integrability of the local energy (see ]3], ]23] and ]15]) which takes the following form. 

Proposition 4. Assume (HI), (H2) and (H3) fulfilled and let n ^ 3, ^ I. Let f e ^^.(R") and 
F e e-(^+'^)<^>i2 (^M+^ij7(R")^ . Then the solution u of (0.1) with r = satisfies the estimate 



+ 00 



-{D+2e){x) 



u(t), e 



-{D+2e)(x) 



Utit) 



dt<\ ll/l 



^(^+e){x)p 



(4.7) 



with C only depending on n and 7. 



In fact estimate (4.7) is the main point in the proof of Theorem 3. Combining (4.7) with some arguments 
of [23], including applications of the Kriest-Chisliev and the Duhamel's principle, we establish estimates (0.9). 
We start with the proof of Proposition 4. 



Proof of Proposition 4. First notice that for the free wave equation, / G H-yCMJ^) and r > we have 



-r{x) 



Uo{t)f 



< ll/ll?i^(K'^) 



(4.8) 



To obtain this estimate for ^ 7 ^ 1 we can apply a result of Smith and Sogge. 



Lemma 8. (]19], Lemma 2.2) Lei 7 and let (p e S{1 



The 



We^^'^'frH.^^.^dt ^ C{ip,n,j)\\fr^ 



(4.9) 



In ]19] the authors consider only odd dimensions n ^ 3 and ip G C^(]R"), but the proof of this lemma 
goes without any change for even dimensions. Moreover, to prove (4.9) for (p e C^(M"), ]19] consider the 
following 

2 



±itA 



/llH-'(R")dt ^ 



1 + ier 



dC dr 



and they only exploit the fact that (p € 5(R"). Thus, (4.9) is still true for (p e 5(R"). Setting {uo{t), dt{uo){t)) 
Uo{t)f we have the representation 

, . . sin(iA) „ 
uo{t) = cos(iA)/i + — ^/2 
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and, since e ''^^^ G iS(]R"), (4.8) follows immediately. 

Passing to the estimate of e~'-'^+^')^^^?7(t, 0)/, we obtain from (4.3) that 



g-(D+2e)(x)^(^^0)/ 



Uo{t)f 



-iD+2en.)jj^^^^^^^iD+en.) (e(^+^') g(s)[/o(s)/ 

Notice that for < 7 < 1 

j^*g-(D+2s)(.)^(^^5)g-(Z3+e)M (e(^+^')<-)g(s)[/o(s)/) d.s 

e-^<"> /o e-(^+^'<">t/(t, s)e-(^+^)<^> (e(^+")<">Q(s)[/o(s)/) ds 

Since the multiplication by e^^^^^ is continuous from Hi(R") to 'Hi(M"), it follows 
jt g-(i5+2s)(x)[^(i^ <,)e-(s+^)(-> (e(^+^)<->g(s)[/o(s)/) ds" 



ds 



•Hi(R" 



< 



W-,(R") 
•Hi(R") 



Thus, we obtain 



j.Jg_(Z5+2e)(x)^(^^g)g-(D+e)(x) (e(^+^)(-)Q(s);7o(s)/) ds 



< /o ||e-(-+^)<^>C/(t, .)e-(-+^)(^) ||,(„^(,„, II (e(-+^)<^)g(.)C/o(s)/) ||„^(,„, d. 
and applying Theorem 2 it follows 



j^tg_(i3+2e)(x)^(^^g)g-(D+e)W (e(^+^)<-)g(s)[/o(s)/) ds 



< (Mt)lR+(i)) * (1r+(0 ||(e(^+^)<^>g(t)C/o(t)/)| 
It is clear that (4.8) and (HI) imply 



))(t), t>0. 



+ 00 



e(^+^)<^>g(t);7o(t)/ 



di : 



•Ht + i(R") 



+00 2 

e(^+")<"V(i,x)uo(i) 



di< 11/11 



(4.10) 



Since p{t)l^+{t) e (M), an application of the Young inequality for the convolution, combined with (4.8) 
and (4.10), yields (4.7) with F ^ 0. 

In the general case {F ^ 0) consider the solution v of (0.1) with t = 0, / = (0, 0) and 
F e e-(^+2e)(:r>2,2 {^^iii{^^<^. Then 



(e"(^+2-)<-^,(0,e-(^+2^)<->«t(t)) =y e-(^+2-)<^>(7(t,s)e-(^+^)<"> (o, e(^+^)<^>i^(s)) ds 
Clearly, we have 

(0,e(-°+^'<^>i^(t)) e (M+,e-T(^^>7i^_^^(R")^ ^ (M+,-Hi(M")) (^r+^-h^(r») 



Exploiting the local energy decay of Theorem 2 and repeating the above arguments we get for u ~ v estimate 
(4.7) with / = (0,0). This completes the proof. □ 



Now let us return to Theorem 3. In order to show (0.9) we need these two results. 
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Proposition 5. Let n ^ 3 and let 1 ^ p, q ^ 2 and ^ 7 ^ 1 satisfy (0.9) with I < p and q' < "'"^ 



n— 3 



Let f e e Lf(R,i| (R")) and /et u be the solution of (0.1) with T^QandV = 0. Then, for all 

r > 0, we have 



(e-<->«(t),e-<-)«,(0)||^ ,^„/i^ (ll/ll«.(«") + l!^llLf(«,L£(M")))' ■ 



(4.11) 



We prove Proposition 5 by combining Lemma 8 (for if — e ''^^^) with tlie arguments used in Proposition 
2 of [23]. 

Proposition 6. Assume (HI), (H2) and (H3) fulfilled. Let n ^ 3 and let 1 ^ p,q ^ 2 and ^ 7 ^ 1 satisfy 
(0.9) with 1 < p and q' < Let f € H.y(M"), € Lf(K,Lf(K")) and Zei it be the solution of (0.1) 

with r = 0. Then, we have 



'{D+2e){x) 



u{t), e 



-(D+2£)(x), 



(4.12) 



Combining (4.7) with Proposition 5 (see also the proof of Corollary 2 in [23]), we prove easily (4.12). 

Proof of Theorem 3. We present the solution of (0.1) as a sum u ~ uq + v, where uq is the solution 
of 

J d^uo- l:i.^UQ = F{t,x), t>0, xeW, 

\ (Mo,9t«o)(0,x) = (/i(x),/2(a;)) = /(x), x G M", 
while V is the solution of the problem 

J - A^^w + y(t, a;)w = -Vuq, t > 0, x eW, 
[ («,i;t)(0,.T) = (0,0), xeK". 

It follows from [9[, that for u = uq estimates (0.9) hold. It remains to estimate v. Next, we have 



vit) = 



sin((t- s)A) 
A 



iV{s,-)uo{s) + V{s,-)v{s))ds. 



For e^^^Vuo we have (4.11). Moreover, (HI), (4.7) and (4.11) imply 



Then we have 



< 



< 



l/ll 



L^(R,LJ(R")) 



^^^^^(^"« + ^^)|L.(«....(«.)) ^ (ll/ll«.(R") + ll^ll.f(R,.i(R"))) 
An application of Lemma 8 (with ip = e^^^^) shows that the operator 

S : H-"'{R") 3g^ e-"<^>e±'*^.g € i2(R+, ii'-'^(R")) 
is bounded. The adjoint operator 



(4.13) 
(4.14) 



iS*{G))ix) 



^±isA -e{x) 



G{s, x)ds 



is bounded as an operator from L^{R+ , H'^ (W)) to i/T(M") and this yields 



his) 



< 



\h\\ 



Hi (R" 



L2(R+,_H"7(R")) 



Combining this result with the arguments exploited in the last section of [23], we obtain 



sin((t - s)A) 
A 



{V{s,-)uo{s) + V{s,-)v{s))ds 



< 



e"<"> {Vuo + Vv) 



Lf (R+,ij"-'(R")) 



(4.15) 
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and 



sin((t - s)A) 
A 



iV{s,-)uo{s) + V{s,-)vis))ds 





< 


Hi(R 





e"<^> {Vuo + Vv) 



(4.16) 



Combining (4.14), (4.15) and (4.16) we deduce that for u — v estimates (0.9) hold. This completes the proof 
of Theorem 3. □ 



4.3. Examples of potential such that (H3) is fulfilled. The purpose of this subsection is to give examples 
of potential V{t,x) satisfying (HI) and (H2) such that (H3) is fulfilled. Let Tq > and let (Vti)ti^To be 
a set of functions lying in C°°(M^+") and satisfying (HI) such that V^i (i, x) is Ti -periodic with respect to t 
and 



Now consider the equation 



V{t,x) = Vo{x), forToSCts^Ti 



dfv - /:^xv + Vo{x)v ^Q, t > 0, 



I (^;,^;0(0,a;) = (/i,/2), x S M" 

and let V{t) be the associate propagator. Notice that for V{t,x) = VTi(i,a;) we have 

C/(t, s) = V(i- s), for To t,s s$ Ti. 
Assume that Vb(a;) is chosen such that we have the following estimate 



< 



£CHi(R")) 



p(t), t > 0, 



where p{t) satisfies (0.8). We refer to [18] and [27] for sufficient conditions to obtain this estimate for 
stationary potentials (we can also choose Vo{x) = 0). Now consider the following result. 

Lemma 9. Assume (HI), (H2) fulfilled. Then, for all t ^ Tq, 

e^<"> {Uit, 0) - V(i)) e^<"> e /:(Hi(K")) 

and we have 



3^<"> (f/(i,0)-V(i))e^<"> 
where C{Tq) depend only on Tq.. 

Proof. An application of the Duhamel's principle yields 



£(Wi(R")) 



t/(i,0) = V(0+ / V(t-s)Qi(s)C/(s,0)ds 
Jo 



with 



Qi{t) 





VQ{x)~V{t,x) 



Thus, we conclude by applying Lemma 7 and (HI). 



□ 



Following the arguments exploited in the last section of [11[, by applying Lemma 9, one can show that 
for T = Ti with Ti sufficiently large and for V{t,x) = VrAt^x) conditions (HI), (H2) and (H3) are fulfilled. 
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